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$f(q)$ 1 Schr\"odinger $f(q)=V(q)-E$
. , $f(q)$ , Planck
$\lambda$ , . ( . )
$\bullet$ $\bullet$ Liouville .
$s=s(q)= \int_{q_{0}}^{q}dQf(Q)^{1/2}$ , (2)
$\phi=f^{1/4}\psi$ . (3)
$q_{0}$ , $f^{1/2},$ $f^{1/4}$ branch
. (1) .
$\frac{d^{2}\phi}{ds^{2}}=(\lambda^{2}+h(s))\phi$ , (4)
$h(s) def=-\frac{1}{f^{3/4}}\frac{d^{2}}{dq^{2}}\frac{1}{f^{1/4}}=\frac{4ff’’-5f^{\prime 2}}{16f^{3}}$ (5)
, $f(q)$
$h(s)=O(|s|^{-2})$ $(sarrow\infty)$ (6)
. , (1) $f(q)$ “
” , “ ”
. , $s=s(q)$ , $q=q(s)$




1) (turning point) $f(q)$ .
2) Stokes (Stokes curve) , ${\rm Im} s$
( , ${\rm Im} f^{1/2}dq=0$ ) .
3) (principal curve) Stokes (anti-Stokes curve) ,
${\rm Re} s$ ( ${\rm Re} f^{1/2}dq=0$
$)$ .
$\bullet$ $\bullet$
1) Olver . Stokes Stokes
.




$\bullet$ $\bullet$ f(q) $=q^{2}-E$ , $E>0$ .
, $q=\pm\sqrt{E}$ , Stokes 6 , 5 . $s(q)$




3. $R$. $-’$, Liouville-Green
q- $\infty_{I}$ ${\rm Re} s=-\infty$ .
. Olver ,
.
$\bullet$ $\bullet$ q- $e^{2s\lambda}$ (progressive) [










$\bullet$ $\bullet$ ${\rm Re} s(\infty_{I})=-\infty$ , $\infty_{I}$ $\infty_{I}$ $D_{I}$ $q$






$\psi_{I}=\psi_{I}(q, \lambda)$ , $q$ $D_{I}$ ,
$\psi_{I}=w_{I}(\frac{ds}{dq})^{-1/2}e^{s(q)\lambda}$ (10)




1) $V_{I}(q)$ $h(s)$ $O(|s|^{-2})$ .
2) $\psi_{I}$ $\infty_{I}$ (recessive) , .
3) $\infty_{I}$ $\psi_{I}$ . ,
$-$
$\infty_{I}$ $C(\infty_{I}, q)$ $\psi_{I}$ (
. )
, ${\rm Re} s=+\infty$ $\infty_{J}$ , $e^{-2s\lambda_{-B}\propto_{\mathfrak{l}\downarrow}}$






, $C(\infty_{J}, q)$ $\infty_{J}$ $q$ $e^{-2s\lambda_{-}}$ .










$w_{I}( \infty_{J})=\lim w_{I}(q)$ ,
$qarrow\infty_{J}$
$w_{J}( \infty_{I})=\lim_{qarrow\infty_{I}}w_{J}(q)$ , (16)
, .
Olver .





$\infty s$ : $q=-i\infty$
. $s=s(q)$ .
$q=\infty_{1},\infty_{2}$ : ${\rm Re} s=+\infty$ ,
$q=\infty a,\infty_{4}$ : ${\rm Re} s=-\infty$ ,
. Liouville-Green
$\psi_{I}=w_{I}(\frac{ds}{dq})^{-1/2}e^{s\lambda}$ $(I=1,2)$
$\psi_{I}=w_{I}(\frac{ds}{dq})^{-1/2}e^{-s\lambda}$ $(I=3,\cdot 4)$ (17)
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2. $\psi_{1},$ $\ldots,$ $\psi_{4}$
. , $(ds/dq)^{-1/2}$ $q=0$ \pi /4
. ( ). 2 .
, , (cut ) .
Liouville s-
. .
4. $s$- ( $w_{T}$ . )







$3$ . $C(\infty_{I}, \infty_{J})$ $\Gamma(\infty_{I}, \infty_{J})$
, , F(o\infty I, \infty J)
.














$w_{+}^{(n)}(S) def=\int_{(22b)}dt_{1}dt_{2}\ldots dt_{n}\prod_{i=1}^{n}\frac{h(t_{i})(1-e^{2(t_{l}-t_{i+1})\lambda})}{2\lambda}$ $(22a)$
$-\infty<t_{1}\leq t_{2}\leq\cdots\leq t_{n}\leq t_{n+1}=s$ (22b)
$w_{-}(s)=1+ \sum_{n=1}^{\infty}w_{-}^{(n)}$ ,
$w_{-}^{(n)}(S)def=$ $\int_{(23b)}dt_{1}dt_{2}\ldots dt_{n}\prod_{i=0}^{n-1}\frac{(1-e^{2(t_{*}\cdot-t_{i+1})\lambda})h(t_{i+1})}{2\lambda}$ $(23a)$





$\bullet$ $\bullet$ $w_{\pm}^{(s)}(s)$ .







s- . , $\lambda$
$e^{s\lambda}$ ,








$2tt_{a}$ $3$ )$\lambda$ $|-e^{11\star_{\hslash^{-}}t_{nn^{)}}\lambda}$
$\{----- Ve’\iota te_{X}$ $\frac{1-e^{z\iota t_{i}-t\mathfrak{i}*t\supset}}{\lambda\lambda}-------\ell^{4O}P^{2}3^{a*ot}$
4. $w\pm$
2) $\infty\pm$ $\Gamma(\infty_{I}, \infty_{J})$ $h(s)$
$W_{I}W_{J}$ ( Cauchy
. )
, $w_{I}(\infty_{J})$ . $s$ -
. $w+(s)$ . $Sarrow+\infty$ ,




$w_{+}\{+\infty$ ) $=1+(2 \lambda)^{-1}\int_{-}^{+_{\infty}\infty}dth(t)w_{+}(t)$ (27)
.
$w_{-}(- \infty)=1+(2\lambda)^{-1}\int_{-}^{+_{\infty}\infty}dth(t)w_{-}(t)$ . (28)
$\phi\pm$ Wronskian (Olver ) ,
2 .
$a$ $=$ $w_{+}(+\infty)=w_{-}(-\infty)$ (29)
def
Jost ” “ ” ( ) .
$\bullet$ $\bullet$ , .
. (27), (28)
, $w\pm$ .
(27), (28) $a$ $b$
2 . $b/a$ “ “
, . $w\pm$
, $b$ “subdominant” .
$w+$ $a$
. $w_{-}$ . 2
. , .
$\bullet$ $\bullet$ $a=a(\lambda)$ .
$a=1+(2 \lambda)^{-1}\int_{-\infty}^{+\infty}dth(t)$




$|-e^{z\downarrow 4^{-\{)}\lambda}1$ $|\sim\iota^{2tt_{1}arrow 2)\lambda}$ $\iota-e^{\text{ }(t_{n-},-t)\lambda}\eta$
$2X$ $9.\lambda$ $A\lambda$
5. $a$
5. La lace $/\backslash -$ $\text{ ^{}\Xi}$
$\Gamma(\infty_{I}, \infty_{J})$ Laplace
. , $F(\infty_{I}, \infty_{J})=(-\infty, \infty)$ .
$w+(s)$ Laplace . $w_{+}^{(n)}(s)$
$\frac{1-e^{2(t:-t_{1+1})\lambda}}{2\lambda}=\int_{t:^{t:+1}}ds_{i}e^{2(s:-t:+1)\lambda}$ (31)
. $s_{1},$ $\ldots,$ $s_{n}$









$x_{1},$ $\ldots,x_{n},y_{1},$ $\ldots,y_{n}\geq 0$ (33b)
$t= \sum y_{i}$ $t$ , Laplace
. .
$\bullet$ $\bullet$ $w_{+}(s)$ Laplace .
$w_{+}(s)=1+ \int_{0}^{+\infty}dte^{-2t\lambda}W_{+}(s,t)$ , $W_{+}(s,t)= \sum_{n=1}^{\infty}W_{+}^{(n)}(s,t)$ , (34a)
$W_{+}^{(n)}(s,t)= \int_{(34c)}dx_{1}\cdots dx_{n}dy_{1}\cdots dy_{n}\prod_{i=1}^{n}h(s-\sum_{j=i}^{n}x_{i}-\sum_{j=i}^{n}y_{i})$ . (34b)
$x_{1},$ $\ldots,$ $x_{n},$ $y_{1},$ $\ldots,$
$y_{n}\geq 0$ , $\sum_{1=1}^{n}y_{i}=t$ (34c)
Laplace $W_{+}^{(n)}(s,t)$ .
$|W_{+}^{(n)}(s,t)| \leq\frac{V_{+}(s-t)t^{n-1}V_{+}(s)^{n-1}}{[(n-1\cdot)!]^{2}}$ $(t\geq 0)$ . (35)
$\bullet$ $\bullet$
1) , $W_{+}$ ( $s$ ,t) , $t$ infra-
exponential .
2) $W(s,t)$ Gel’fand-Levitan-Marchenko .
$w_{-}(s)$ Laplace .
$\bullet$ $\bullet$ $w_{-}(s)$ Laplace .
$w_{-}(s)=1+ \int_{0}^{+\infty}dte^{-2t\lambda}W_{-}(s,t)$ , $W_{-}(s,t)= \sum_{n=1}^{\infty}W_{-}^{(n)}(s,t)$ , (36a)
$W_{-}^{(n)}(s,t)= \int_{(36c)}dx_{0}\cdots dx_{n-1}dy_{0}\cdots dy_{n-1}\prod_{i=0}^{n-1}h(s+\sum_{j=0}^{i-1}x_{i}+\sum_{j=0}^{i-1}y_{i})$ . (36b)




$|W_{-}^{(n)}(s,t)| \leq\frac{V_{-}(s+t)t^{n-1}V_{-}(s)^{n-1}}{[(n-1)!]^{2}}$ $(t\geq 0)$ . (37)
, $W_{\pm}^{(n)}(s,t)$ .
$\bullet$ $\bullet$ $W_{\epsilon}^{(n)}(s, t)$ $(\epsilon=\pm)$ .
$W_{\epsilon}^{(1)}(s,t)= \int_{0}^{+\infty}dxh(s-\epsilon x-\epsilon t)$ .
$W_{\epsilon}^{(n)}(s,t)= \int_{0}^{+\infty}dx\int_{0}^{t}dxh(s-\epsilon x-\epsilon y)W_{\epsilon}^{(n-1)}(s-\epsilon x-\epsilon y, t-y)$, (38)
, $W_{\epsilon}(s, t)$ $(\epsilon=\pm)$ .
$W_{\epsilon}(s,t)= \int_{0}^{+\infty}dxh(s-\epsilon x-\epsilon t)$
$+ \int_{0}^{+\infty}dx\int_{0}^{t}dyh(s-\epsilon y-\epsilon y)W_{\epsilon}$ ( $s-\epsilon x-\epsilon y$,t-yy). (39)
, .
$a$ $w\pm(s)$ Laplace , $a$
Laplace .
$\bullet$ $\bullet$ $a=a(\lambda)$ Laplace .
$a( \lambda)=1+(2\lambda)^{-1}\int_{-}^{+_{\infty}\infty}dth(t)+(2\lambda)^{-1}\int_{0}^{+\infty}dte^{-2t\lambda}A(t)$
$=1+ \int_{0}^{+\infty}dte^{-2t\lambda}\tilde{A}(t)$ , (40)

















( $f(\lambda)$ $f(\lambda)$ )
















, $W_{I}(s, t)$ $s$ $t$ ,
. t- Ecalle
“resurgence” .
$W_{I}(s, t)$ k ,
. ,
,
$\bullet$ $\bullet$ ${\rm Re} s(q)$ gradient flow ( ${\rm Im} s(q)$ ${\rm Re} s(s)$
flow) $\infty_{I}$
$\infty_{I}$ , $w_{I}(s, \lambda)$
(34) Laplace , $W_{I}(s,t)$ $t\geq 0$
.
, ( 6). $\infty_{I}$
Stokes ${\rm Re} s(q)$ gradient flow . Stokes
( )
(Stokes ) . $s$ , $w_{I}$
Laplace . , $C(\infty_{I}, q)$ ( $\infty_{I}$
) , ${\rm Re} s(q)$ gradient flow
. $w_{J}$ ( $e^{-s\lambda}$ ) . 2
Stokes , $\psi_{I}$ $\psi_{J}$
recessive f\supset ${\rm Re} s(q)$ gradient flow Stokes
Laplace . , t-
( $h(t)$ ) . $a_{IJ}$ .
$s$ - , Laplace


























6. $W_{I}(s,t)$ $t\geq 0$
6. $\backslash$ $\pm$ $\backslash$ $\equiv$
Olver .
, Stokes
. , $\lambda>0$ .
Olver 3
$\infty_{I},$ $\infty_{J},$ $\infty_{K}$ , $\psi_{I},$ $\psi_{J},$ $\psi_{K}$ 1





3 Stokes $S_{I},$ $S_{J},$ $S_{K}$ $q_{1}$
$\infty_{I},$ $\infty_{J},$ $\infty_{K}$ . ( Olver
. ) , cut $s(q)$
. , $\psi_{I}$ $\infty_{I}$ cut sheet
.
$\triangleright o_{K}cq_{\epsilon S\overline{-}+\triangleright)}$
7. ( $0$ )
${\rm Re} s(\infty_{I})=-\infty$ ,
${\rm Re} s(\infty_{J})=-\infty$ ,





$\psi_{J}=w_{J}(ds/dq)^{-1/2}e^{s\lambda}$ , $W_{J(\infty_{J})=1}$ ,
$\psi_{K}=w_{K}(ds/dq)^{-1/2}e^{-s\lambda}$ , $w_{K}(\infty_{K})=1$ , (44)
.
$\psi_{I}=c_{IJ}\psi_{J}+c_{IK}\psi_{K}$ (45)
1 . $qarrow\infty_{J},$ $\infty_{K}$ [ 3
$\infty_{J},$ $\infty_{K}$ . $f(q)=q^{2}-E$




$\psi_{K}\sim w_{K}(\infty_{J})(ds/dq)^{-1/2}e^{-s\lambda}$ , (46)




$\psi_{K}\sim w_{K}(\infty_{K})(ds/dq)^{-1/2}e^{-s\lambda}$ , (47)






$a_{IJ}def=W_{I(\infty_{J})}$ , etc. . . , (49)




$\bullet$ $\bullet$ , $a_{IJ}$ cut
, $\infty_{J}$ sheet ( $\infty_{J}$ $\infty_{J^{*}}$ )
. $a$- $a_{IJ^{*}}$ . ,
, $a_{JI}$ . $\infty_{J}$ cut
$a_{JI^{s}}$ . , Riemann
, $a_{IJ^{*}}=a_{JI^{*}}$ ( ,
. ) $\infty_{I}$ $\infty_{J}$ cut
. , $a_{IJ},$ $a_{JI}$ .
$\bullet$ 1: $f(q)=q^{2}-E$ , $E>0$
3 . $\psi_{1}$ , . . ., $\psi_{4}$ Liouville-




. ( , $a_{IJ}$ $a_{23}=a_{32}$ . )
, .
$\psi_{1}=\frac{1}{a_{23}}\psi_{2}+i\frac{e^{-\pi iE\lambda/4}}{a_{23}}\psi_{3}$ ,
$\psi_{4}=i\frac{e^{-\pi iE\lambda/4}}{a_{23}}\psi_{2}+\frac{1}{a_{23}}\psi_{3}$ . (52)
, ,
$\psi_{1}\propto\psi_{4}$ $\Leftrightarrow$ $1+e^{-\pi iE\lambda/4}=0$ (53)
,
$E\lambda=2n+1$ , $n=0,1,2,$ $\ldots$ , (54)
. ( $E<0$ . )
. q- “ Jost ” $a=$
$a(\lambda, E)$ , ,
$\psi_{1}\sim a(ds/dq)^{-1/2}e^{s\lambda}$ $(qarrow+\infty)$ (55)
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. ( cut $+\infty$ . ) $a$
.
$a= \frac{1+e^{-\pi iE\lambda/4}}{a_{23}}$ . (56)
$a$ , . [ $E<0$ Stokes
, $\infty_{4}$ $\psi_{1}$ . , Voros
, $a=a_{14}$ . ]
$a_{23}$ , q- $s$ - ,
Laplace . $\arg\lambda=0$ $\pi$
. , Borel
$\bullet$ 2:4 $f(q)=(q^{2}-\alpha^{2})(q^{2}+\beta^{2})$ , $\alpha>0,$ $\beta>0$
$q=\pm\alpha,$ $\pm i\beta$ 4 , Stokes 8 . $s(q)$
.
$s(q)= \int_{0}^{q}dqf(Q)^{1/2}$ , $\dot{f}(Q=0)^{1/2}=+i\alpha\beta$ . (57)
$s(\pm\alpha)=\pm i\omega_{1}$ ,
$s(\pm i\beta)=\mp\omega_{2}$ , $\omega_{2}def=\int_{0}^{\beta}dt\sqrt{(\alpha^{2}+t^{2})(\beta^{2}-t^{2})}>0$ . (58)
Stokes $q=\pm i\beta$ 1 , 10
, 8 .
$\infty_{2},$ $\infty s,$ $\infty_{4},$ $\infty_{5}$ . 2 ( )






8. 4 ( 2)












, $a_{IJ}=defw_{I}(\infty_{J})$ . (60.2-3) (60.4-5) ,
$a_{34}a_{25}-a_{23}a_{45}=e^{-4\omega_{2}\lambda}$ (61)
. , Voros (discontinu-
ity formula, Voros ) .
$q$- Jost $a=a(\lambda)$ .
$a= \frac{a_{25}+e^{-4\dot{*}\omega_{1}\lambda}a_{34}+2e^{-2(\omega_{2}+i\omega_{1})\lambda}}{a_{23}a_{45}}$ . (62)
, $\psi_{1},$ $\psi_{6}$ ,
$ae^{2i\omega_{1}\lambda}= \frac{e^{2i\omega_{1}\lambda}a_{25}+e^{-2\dot{*}\omega_{1}\lambda}a_{34}+2e^{-2\omega_{2}\lambda}}{a_{23}a_{45}}$ (63)
.
$a_{IJ}$ Laplace . $a_{23}$ $a_{45}$
$s$ - $\infty_{2}$ $\infty_{3},$ $\infty_{4}$ $\infty_{5}$
, Laplace . ,
$a_{25}$ $a_{34}$ s-
, Laplace . , $a_{25}$
$0<\theta<<T/4$ $\theta$ , $a_{34}$ $0>\theta>>-\pi/4$ $\theta$ (42)
Laplace . ( $\pi/4$ Stokes















$t>0$ ( $0^{O}$ $-45^{o}$ ) . , $e^{-4\omega_{2}\lambda}$
Laplace . , Laplace
( $A_{34}(t)$ $t>0$
. ) ,
















$\bullet$ 3 :4 $f(q)=(q^{2}-\alpha^{2})(q^{2}-\beta^{2}),$ $\alpha>\beta>0$
$q=\pm\alpha,$ $\pm\beta$ ( ,
. ) $s(q)$ .




Stokes 2 , $\infty_{I)}I=1,$ $\ldots,$ $6$















$a= \frac{a_{25}+a_{34}e^{-4i\omega_{3}\lambda}+2e^{-21\omega_{8}\lambda}}{a_{23}a_{45}}$ . (67)
,
$ae^{2i\omega_{3}\lambda}= \frac{a_{25}e^{2i\omega_{\theta}\lambda}+a_{34}e^{-2i\omega\epsilon\lambda}+2}{a_{23}a_{45}}$ (68)
. Jost $e^{\pm 2i\omega_{\theta}\lambda}$




, , $a_{IJ}$ 2 $e^{-4\omega_{4}\lambda}$ “subdomiant”
. .
$a_{IJ}$ Laplace 2 .
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